We calculate analytically the asymptotic form of quasi-normal modes of perturbations of arbitrary spin of a Schwarzschild black hole including first-order corrections. We use the Teukolsky equation which applies to both bosonic and fermionic modes. Remarkably, we arrive at explicit expressions which coincide with those derived using the Regge-Wheeler equation for integer spin. Our zeroth-order expressions agree with the results of WKB analysis. In the case of Dirac fermions, our results are in good agreement with numerical data. * suphot@swu.ac.th † siopsis@tennessee.edu 1 Quasi-normal modes govern the response of a black hole to external perturbations. In general, they possess a spectrum of complex frequencies due to the leakage of information into the horizon. Their observation will reveal information about the characteristics of the black hole. In asymptotically AdS spaces, they are related to properties of the dual conformal field theories on the boundary through the AdS/CFT correspondence. In asymptotically flat spaces, apart from observational possibilities, interest in QNMs has arisen [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] because the asymptotic form of the spectrum was shown to be related to the Barbero-Immirzi parameter [12, 13] of Loop Quantum Gravity [14] [15] [16] [17] [18] . The asymptotic form of the spectrum normalized by the Hawking temperature is given by
Quasi-normal modes govern the response of a black hole to external perturbations. In general, they possess a spectrum of complex frequencies due to the leakage of information into the horizon. Their observation will reveal information about the characteristics of the black hole. In asymptotically AdS spaces, they are related to properties of the dual conformal field theories on the boundary through the AdS/CFT correspondence. In asymptotically flat spaces, apart from observational possibilities, interest in QNMs has arisen [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] because the asymptotic form of the spectrum was shown to be related to the Barbero-Immirzi parameter [12, 13] of Loop Quantum Gravity [14] [15] [16] [17] [18] . The asymptotic form of the spectrum normalized by the Hawking temperature is given by ω n T H ≈ −(2n + 1)πi + ln 3
for scalar and gravitational perturbations. This has been derived numerically [19] [20] [21] [22] [23] and subsequently confirmed analytically [3, 5] . The analytical value of the real part was first conjectured by Hod [24] based on the form of the horizon area spectrum proposed by Bekenstein and Mukhanov [25] . Its value is intriguing in Loop Quantum Gravity, suggesting that the gauge group should be SO(3) instead of the expected SU (2), as the latter would lead to ℜω/T H ≈ ln 2 asymptotically. The asymptotic expression (1) was analytically derived and generalized to arbitrary integer spin j [5] ω n T H ≈ −(2n + 1)πi + ln(1 + 2 cos πj)
and a perturbative expansion was established [11] . Extending these analytical methods to half-integer spin (such as the Dirac field) is not straightforward. Dirac quasi-normal frequencies have been calculated numerically [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . Using the WKB method, it was shown that eq. (2) is valid for half-odd-integer spin to leading order (O(n)) [36] . By employing the Teukolsky equation, which is applicable to both integer and half-odd-integer perturbations, it was shown that eq. (2) is valid for perturbations of general spin [37] . Here, we derive the first-order correction to the asymptotic expression (2) thus extending the results for integer spin [11] . Remarkably, we arrive at the same expression as a function of the spin as in the bosonic case, even though our starting point is different: we employ the Teukolsky equation [38] whose solutions can be expressed in terms of confluent hypergeometric functions, whereas in the bosonic case discussed in [11] , the quasi-normal modes were obtained by solving the Regge-Wheeler equation [39] whose solutions are given in terms of Bessel functions. In the case of massless Dirac perturbations, our results are in good agreement with numerical data [35, 40] .
We are interested in the quasi-normal modes of massless perturbations of the Schwarzschild black hole whose metric is
where we have chosen units so that the black hole mass, radius of the horizon and Hawking temperature are respectively given by
Massless perturbations are described by the Teukolsky equation [38] for arbitrary spin, including both integer and half-odd-integer values. This wave equation may be brought into a Schrödinger-like form [37] ,
written in terms of the tortoise coordinate
The potential is given by
for a spin-j field of angular momentum ℓ. For quasi-normal modes, we demand the asymptotics Ψ(r * ) ∼ e ±iωr * , r * → ±∞ (8) so that the wave is outgoing at infinity (r * → ∞) and ingoing at the horizon (r * → −∞). More precisely, we shall define the boundary conditions in terms of the monodromy along a closed contour enclosing the black hole singularity and running counterclockwise, following [5] . Such a contour may me deformed so that the monodromy receives contributions only from the singular points r = 1 (the horizon) and infinity. Near the horizon and at infinity, the wavefunction behaves respectively as
The deformed contour runs counterclockwise at infinity and clockwise around r = 1. Therefore, the monodromy is
Next, we deform the monodromy contour so it encircles the black hole singularity. In this case, it receives a sole contribution from the rotation by −2π near r = 0. We shall calculate the monodromy following [37] . This will yield the asymptotic form of quasi-normal frequencies. We shall then calculate the first-order correction to the asymptotic expression and compare with numerical results [35, 40] . It is convenient to introduce the dimensionless coordinate z = ωr * . In the complex zplane, this rotation is of angle −4π, because for small r, z ∼ r 2 on account of (6) . Expandng around the black hole singularity (z = 0), the potential (7) becomes
It is interesting to compare with the effective potential one obtains from the Regge-Wheeler equation [39] in the case of integer spin [5] . In the latter case, the leading term has a double pole at z = 0, but the first-order correction is of the same form [11] . The wave equation (5) may be written as
where
and we used the expansion (11) of the potential. We may solve (12) perturbatively by expanding the wavefunction
The zeroth-order wave equation reads
Its solutions are Whittaker functions. Two independent solutions are
These functions are not defined for even-integer spin. This can be remedied by adopting the Whittaker functions W λ,µ (−2iz) and W −λ,µ (−2ie −iπ z) as a basis instead. The latter have more complicated rotation properties (around the origin), so we shall work with the basis (16) for arbitrary spin and then analytically continue the results to include the case of even-integer spin. At large z, the wavefunctions (16) behave respectively as
where (18) In deriving the asymptotic form of the wavefunctions, we used the identity
and the asymptotic form of the Whittaker function
Rotating around the z = 0 singularity in the complex z-plane by −4π changes the two wavefunctions (16) by phases given by
where we used
four times. Let
be the monodromy matrix. From the asymptotic form (17) and the rotation property (21), we deduce the eigenvalues and corresponding eigenvectors of the monodromy matrix,
They completely determine M . In particular,
The other entries can also be found but are not needed for our purposes. After some algebra, we obtain
m 11 should be equal to the monodromy (10) found using the contour that encircles the singularities at the horizon and infinity,
This determines the spectrum of quasi-normal frequencies. Using eqs. (10) and (26), we obtain the asymptotic form of the spectrum,
where the Hawking temperature is given by (4) . This generalizes the result from the ReggeWheeler equation for integer spin [5] . For half-odd-integer spin (e.g., for a Dirac fermion), this reduces to
showing that asymptotically, the real part of the quasi-normal frequencies vanishes. Next, we calculate the first-order correction to the asymptotic expression (28) using the method of ref. [11] . It follows from eqs. (12) and (13) that the first-order correction to the wavefunction (14) obeys the wave equation
The corrections to the two basis vectors (16) are given respectively by
where we introduced the functions
where W = 2µ is the Wronskian. Using the explicit expressions (16) and (13), we may write
The asymptotic behavior (17) receives a first-order correction. From eqs. (14), (31) and the identity (19), we deduce that for large z,
and we definedā
The monodromy (25) is corrected to
Using eq. (35), this may be massaged to
Then the condition (27) implies a modification to the asymptotic spectrum (28) including first-order corrections,
This is our main result. It should be compared with its counterpart from the Regge-Wheeler equation derived in [11] which is valid for integer spin j, ω n T H = −(2n + 1)πi + ln(1 + 2 cos πj)
where A is given in (11) . To obtain explicit expressions for the first-order spectrum (39), let us concentrate on the case of half odd integer spin. In this case, there is a simplification due to the fact that
as is evident from (18) for the parameters (16). Eq. (14) simplifies to
From eqs. (33) and (36), we havē
For half odd integer spin, the Whittaker function in (43) may be written in terms of a Laguerre polynomial as
which simplifies the calculation of the integral (43). However, one ought to be cautious with such simplifications, because in general these integrals may only be defined by analytic continuation to the desired spin j. For j = 1/2 (Dirac fermion), we obtain from (43)
where the dots represent terms that vanish as j → 1 2 . In the limit j = 1 2 , we obtain
Using eqs. (11), (18), (42) and (46), we deduce the spectrum of a massless Dirac fermion,
To compare with numerical results [35, 40] , we shall work with the first-order correction
which is the difference between the first-order (47) and zeroth-order (29) expressions multiplied by the Hawking temperature (4). In fig. 1 , we compare our analytic expression with the numerical results of ref. [35] . We obtain fairly good agreement with the discrepancy between numerical and analytic results increasing with angular momentum. This is because the first-order correction to the asymptotic form (29) is proportional to the square of the angular momentum quantum number ℓ + j. Moreover, it should be noted that the corrections are O(1/ √ n), so they become significant for overtones with n 100.
In figures 2 and 3 we compare our expression (48) with numerical results for high overtones (n ≥ 100) [40] for ℓ + j = 1, 2, respectively. The agreement improves greatly, as expected. In the case of lowest angular momentum (ℓ + j = 1), the agreement is excellent ( fig. 2) .
For a massless field of spin j = 3/2, we obtain from (43)
where we once again omitted terms which vanish as j → showing that there are no O(1/ √ n) corrections to the spectrum,
For a massless field of spin j = 5/2, we obtain from (43)
In the limit j → 5/2, we obtain
Using eqs. (18), (42) and (53), we deduce the spectrum of a massless fermion of spin j = 5/2,
where A is given in (11) . It is interesting to note that all spectra derived above for fields of half odd integer spin may also be obtained by analytically continuing the general expression (40) which was obtained for integer spins [11] . All cases we checked agree with (40) but we have been unable to find a general argument applicable to arbitrary half odd integer spin. The same is true for integer spin spectra derived from the Teukolsky equation, although the calculation is more cumbersome (except for zero spin, in which case the Teukolsky equation reduces to the Regge-Wheeler equation).
In conclusion, we have derived analytic expressions for quasi-normal frequencies of perturbations of Schwarzschild black holes of arbitrary spin including both bosonic and fermionic fields. Our results were in good agreement with numerical data [35, 40] . Our calculation was based on the monodromy argument of ref. [5] extended to the Teukolsky equation [37] . We derived the asymptotic spectrum including first-order corrections extending the argument in [11] . We obtained explicit expressions for various spins and found that they were in agreement with the analytic expression derived in [11] for bosonic fields (after a simple analytic continuation of the spin to non-integer values). This is remarkable given that our starting point was the Teukolsky equation whereas the bosonic spectrum was derived in [11] starting from the Regge-Wheeler equation. It would be interesting to further investigate the relation between the two equations and understand the range of applicability of the Teukolsky equation as the latter offers significant calculational advantages. [40] .
